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Abstract
Inspired the low ` cosmic variance we present a study on the statistical variance expected in
observing Bell’s inequality violation by primordial quantum states violation. We consider the sta-
tistical variance inherent to three sets of pseudo-spin operators used to construct Bell’s inequality.
We find that for a highly squeezed state, such as the relevant CMB states, the statistical variation
will vanish and does not contribute to theoretical uncertainties.
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I. COSMIC BELL’S INTRODUCTION
The origin of large scale structure and the anisotropies on the Cosmic Microwave Back-
ground (CMB) are explained in standard inflationary cosmology as the result of quantum
fluctuations of the inflation field [1–12]. The quantum mechanical perturbations are im-
printed on the CMB as classical temperature anisotropies. Since the classical temperature
anisotropies started out as quantum mechanical in nature, it has been suggested that quan-
tum mechanical phenomena may be observable. In particular, violations of Bell’s inequalities
[13–15].
Bell’s inequalities demonstrate that the fundamental laws of nature can not be described
by a theory which is both local and deterministic [16–20]. Although Bell’s inequalities
were originally applied to entangled particles in position space, typically the Clauser-Horne-
Shimony-Holt (CHSH) formalism is considered. The CHSH formalism has the property that
the eigenvalues of the system are discrete, simplifying the inequalities [20, 21].
Recently methods have been developed to transform continuous systems into discrete
ones in order to apply the CHSH inequalities. In this work we consider three sets of these
pseudo-spin operators, Banaszek-Wodkiewicz (BW) operators, Gour-Khanna-Mann-Revzen
(GKMR) operators, and Larsson operators [22–27]. The construction of discrete pseudo-spin
operators from continuous operators opens the door to testing the CHSH inequality on more
systems. In our case, this development allows one to construct pseudo-spin operators out of
the Fourier amplitude of the inflationary quantum modes frozen on the CMB.
At the end of inflation the inflaton fluctuations are in a two mode squeezed state, testable
for CHSH violation [28–34]. One may wonder if an experiment could be constructed that
probes for Bell’s inequality violation on the CMB. This question is addressed in [14, 15],
where the authors construct the relevant CHSH operators and calculate the expectation
value. However, since quantum mechanical observables are statistical in nature, just be-
cause the mean value violates Bell’s inequality does not necessarily imply that the observed
realization will. If we had an infinite sized sky on which to preform the experiment many
times we would expect the mean of the observed values to approach the theoretical mean.
However, the CMB has a fixed number of observable modes at any frequency, limiting the
statistics. If violation of Bell’s inequality manifests for modes that primarily contribute to
low multipole moments, observation of the violation may be cosmic variance limited. It
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is therefore prudent to check if violation would still be visible within a few σ around the
theoretical mean.
CHSH inequality violation has an upper bound, the Cirel’son bound [35], at 2
√
2 and a
lower “classical bound” at 2 leading to a narrow parameter space of observable violation.
This is not an issue in the typical laboratory application of the inequality since the experi-
ment can be ran many times so that the variance will drop off proportional to the number of
trials. However, on the CMB we are limited by the number of patches of the sky which can
be observed, potentially limiting the statistics. In this paper we will calculate the statistical
variance associated with the CHSH operator and show that in the highly squeezed limit the
statistical variance vanishes irrespective of the sample size.
The paper is structured as follows. Section II will review the work done in [14, 15] to
set up the CHSH operator and quantum state. In Section III we will derive the variance
associated with the two point spin operators as well as an expression for the uncertainty
on the expectation value of the Bell operator. In Section IV we set up the pseudo-spin
operators and apply the results of Section III to calculate the associated variance. Section
V will present our conclusion.
II. CHSH OPERATOR
In this section we will review the Clauser-Horne-Shimony-Holt formulation of Bell’s in-
equalities. This section follows from [14, 15, 21].
Consider a two particle state whose Hilbert space can be written as the direct product
of one particle states,
H = H1 ⊗H2. (1)
Suppose one measures the spin of particle one with respect to some direction in the
(x, z)1 plane, n = (sin(θ1), cos(θ1)), and particle two with respect to some direction m =
(sin(θ2), cos(θ2)), then repeats the measurements along directions n
′ = (sin(θ′1), cos(θ
′
1)),
m′ = (sin(θ′2), cos(θ
′
2)). With these measurements the CHSH operator is
B ≡
[
n · Sˆ1
]
⊗
[
m · Sˆ2
]
+
[
n′ · Sˆ1
]
⊗
[
m · Sˆ2
]
+
[
n · Sˆ1
]
⊗
[
m′ · Sˆ2
]
−
[
n′ · Sˆ1
]
⊗
[
m′ · Sˆ2
]
,
(2)
1 In principle we could include the azimuthal angle φ, however we can set φ = 0 WOLOG.
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where Sˆ is a vector of spin operators along x and z,
Sˆ =
(
Sˆx, Sˆz
)
. (3)
If the angles θ1, θ
′
1, θ2, θ
′
2 are optimally chosen to maximize the expectation value of Equation
(2) the expression becomes,
B = 2〈B〉
{(
Sˆ(1)z + Sˆ
(1)
x
)
⊗
(
〈S(1)x S(2)x 〉 Sˆ(2)x + 〈S(1)z S(2)z 〉 Sˆ(2)z
)
−(
Sˆ(1)z − Sˆ(1)x
)
⊗
(
〈S(1)x S(2)x 〉 Sˆ(2)x − 〈S(1)z S(2)z 〉 Sˆ(2)z
)}
. (4)
The expectation value of Equation (4) has a simple expression,
〈B〉 = 2
√
〈S(1)x S(2)x 〉2 + 〈S(1)z S(2)z 〉2. (5)
One notices that since Sˆx,y are spin operators,
〈S(1)x S(2)x 〉
2
, 〈S(1)z S(2)z 〉
2 ≤ 1. (6)
The maximal violation, given by the Cirel’son bound, is recovered when the inequalities are
saturated
〈B〉 = 2
√
2. (7)
In this paper the two-mode squeezed state we consider is
|Ψ2,sq〉 = 1
cosh(rk)
∞∑
n=0
(−1)ne2inϕk tanh(rk)n |nk,−nk〉 , (8)
since this is the state in which cosmological fluctuations are in at the end of inflation [14, 36,
37]. rk, ϕk are the squeeze parameter and squeeze angle respectively which give a measure
of how entangled the state is. On the super-Horizon scales k  aH we are interested in,
rk is on the order of the number of e-folds spend outside the Hubble radius, rk ∼ 50, and
ϕk = −pi/2. The large value of r indicates that the modes under consideration are highly
squeezed.
III. VARIANCE
We consider the variance of the Bell inequality, in CHSH form, defined as,
σ2B = 〈B2〉 − 〈B〉2 . (9)
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There may be a more optimal unbiased operator to use for the variance, however for our
application the naive operator will suffice to put an upper bound on the expected variance,
a more optimal choice would only act to strengthen the bound. Equation (9) is recognizable
as the second central moment of the CHSH operator, B. It gives us the expected spread
on a single measure of the mean value, 〈B〉. However, in practice we will have more than
a single independent measurement. If we repeat the measurement N times, the repeated
measurement leads to a further reduction of the variance proportional to
√
N ,
∆B =
1√
N
σB. (10)
In other words, ∆B takes into account the sampling variance, commonly referred to as the
variation of the mean. Since we are considering entangled momentum states of perturbations
formed during inflation there exits a finite number of samples, at a given frequency, that are
observable on any finite sized patch of the sky. Therefore, for a given k-mode, in practice
the sampling variance will be smaller than the statistical variance associated with sampling
a distribution.
As we will see, for highly squeezed states in almost all cases it is sufficient to use the
statistical variance, (9), over the sampling variance, (10), to calculate the variance. This
is due to our result that as r → ∞ the variance approaches zero for the optimally chosen
angles, leading to the same qualitative result.
In order to find an expression for Equation (9) we need expressions for B, and BB. In
the ideal case, B has already been obtained by the authors of [14], therefore we only need
to determine the form of B2, and the second moment 〈B2〉. For optimally chosen angles,
BB = 4 (I⊗ I)− 32〈S
(1)
x S
(2)
x 〉 〈S(1)z S(2)z 〉
〈B〉2
(
Sˆ(1)y ⊗ Sˆ(2)y
)
, (11)
〈BB〉 = 4− 32〈S
(1)
x S
(2)
x 〉 〈S(1)z S(2)z 〉 〈Sˆ(1)y Sˆ(2)y 〉
〈B〉2 , (12)
where the operators all have their parameter lists omitted for ease of reading. While the
operator B depends only on the two point function in the x and y directions, the operator
BB depends on all three two point correlation functions. The introduction of the y-direction
two point correlation function is a result of the SU(2) algebra governing the operators.
Substituting these results into Equation (13), the statistical variance is,
σ2B = 4−
(
32
〈S(1)x S(2)x 〉 〈S(1)z S(2)z 〉 〈Sˆ(1)y Sˆ(2)y 〉
〈B〉2 + 〈B〉
2
)
. (13)
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The next section is dedicated to evaluating three different sets of pseudo-spin operators
and their two point functions in order to put a bound on the statistical variance.
IV. PSEUDO-SPIN OPERATORS
The pseudo-spin operators we consider in this paper are: Banaszek-Wodkiewicz (BW) op-
erators, Gour-Khanna-Mann-Revzen (GKMR) operators, and Larsson operators [14, 15, 22–
27]. While the first two (BW, GKMR) give analytic expressions for the two point functions,
the Larsson two point functions need to be numerically evaluated. The code used to numer-
ically evaluate the Larsson operators as well as generate all the plots is publicly available on
github [? ].
A. Banaszek-Wodkiewicz (BW) operators
Pseudo-spin operators give a way to produce from operators with a continuous spectrum
of eigenvalues, discrete eigenvalues of ±1, the fictitious spin value. For any k mode the BW
operators which will map the momentum states into pseudo-spin are [15, 22],
sˆx(k) =
∞∑
n=0
(|2nk + 1〉 〈2nk|+ |2nk〉 〈2nk + 1|) , (14)
sˆy(k) = i
∞∑
n=0
(|2nk〉 〈2nk + 1| − |2nk + 1〉 〈2nk|) , (15)
sˆz(k) =
∞∑
n=0
(|2nk + 1〉 〈2nk + 1|+ |2nk〉 〈2nk|) . (16)
Similar expressions exist for −k modes. Where |2nk〉 are the eigenvectors of the number
operators which appear in the bipartite squeezed state, Equation (8). It is not too difficult
to shown that these operators obey the SU (2) algebra.
To evaluate (13) we must know the expectation value of the three pseudo-spin operators
in the bipartite squeezed state (8). The sˆx and sˆz two point function have been worked out
in the literature [15] and the expectation value of two point function in sˆy follows from the
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FIG. 1. Expectation value of CHSH violation (BW) with the one and two sigma bounds for
statistical variance
derivation of the two point function in sˆx. Here we will just quote all three results as:
〈ΨSq| sˆx(−k)⊗ sˆx(k) |ΨSq〉 = tanh(2rk) cos(2ϕk), (17)
〈ΨSq| sˆy(−k)⊗ sˆy(k) |ΨSq〉 = − tanh(2rk) cos(2ϕk), (18)
〈ΨSq| sˆz(−k)⊗ sˆz(k) |ΨSq〉 = 1. (19)
Resulting in a remarkably simple expression for the variance,
σ2B = 8− 8 tanh2(2r) cos2(2ϕ). (20)
Since the value of tanh(x) approaches unity for x→∞ the variance will approach zero for
highly squeezed states, r →∞, 2ϕ→ −pi.
As can be seen in Figure 1 statistical variance only has a possibility of washing out the
potential signal for low squeeze parameter r. Once r is O(10) the statistical variance has
all but disappeared and the signal is clearly visible, even for a single measurement. i.e
although the operator is statistical in nature, as the state becomes highly squeezed the
expected variation in the observable goes to zero. It appears that the BW spin operators
would be a good choice for probing violations on the CMB. If the violation was there we
would expect to see it regardless of the number of measurements. In the next section we
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will consider the GKMR spin operators, for which we again have analytic forms for the spin
operators, CHSH operator, and variance.
B. Gour-Khanna-Mann-Revzen (GKMR) operators
Another set of analytic pseudo-spin operators are the Gour-Khanna-Mann-Revzen oper-
ators [15, 24, 25]. In this scheme the spin operators are
sˆx(k) =
∫ ∞
0
dqk (|qk〉 〈qk| − |−qk〉 〈−qk|) , (21)
sˆy(k) = i
∫ ∞
0
dqk (|qk〉 〈−qk| − |−qk〉 〈qk|) , (22)
sˆz(k) = −
∫ ∞
−∞
dqk (|qk〉 〈−qk|) , (23)
where qˆk is the position operator in the Hilbert space of mode k. The sˆx and sˆz two point
function have been worked out in the literature [15].
〈ΨSq| sˆx(−k)⊗ sˆx(k) |ΨSq〉 = 2
pi
arctan
(
2 tanh(rk) cos(2ϕk)√
1− 2 tanh(rk)2 + tanh(rk)4
)
, (24)
〈ΨSq| sˆy(−k)⊗ sˆy(k) |ΨSq〉 = − 2
pi
arctan
(
2 tanh(rk) cos(2ϕk)√
1− 2 tanh(rk)2 + tanh(rk)4
)
, (25)
〈ΨSq| sˆz(−k)⊗ sˆz(k) |ΨSq〉 = 1. (26)
With these results we can write an explicit form for the variance. The variance is not as
simple as for the BW operators,
σ2B = tan
−1
 √2 (e2r + 1)2 tanh(r) cos(2ϕ)√
− (e4r − 1)2 cos(4ϕ) + 6e4r + e8r + 1
2× (27)
 32
4 tan−1
( √
2(e2r+1)2 tanh(r) cos(2ϕ)√
−(e4r−1)2 cos(4ϕ)+6e4r+e8r+1
)2
+ pi2
− 16
pi2
 .
However, the limiting behavior is still the same as r →∞, 2ϕ→ −pi the variance will tend
to zero, as seen in Figure (2). It can clearly be seen that, for the highly squeezed states we
are interested in, there is no potential statistical limitation in observing the violation.
The GKMR operators as well as the BW operators are a good choice since they are
analytic and exhibit vanishing variance in the large squeeze limit.
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FIG. 2. Expectation value of CHSH violation (GKMR) with the one and two sigma bounds for
statistical variance
The final set of operators we will consider are the Larsson operators [27]. Unlike the
previous two, BW and GKMR, the Larsson spin operators have two point functions that
do not have an analytic form, and to obtain the variance the two point functions must be
numerically integrated.
C. Larsson operators
The last set of pseudo-spin operators we will consider are the Larsson operators [27].
Unlike the first two sets, these operators do not have closed form analytic representation of
their two point functions. To investigate the statistical bounds on the CHSH operator we
must numerically evaluate all three two point functions. The code used to do this is in the
same github repository [? ]. We include an analysis of these operators here for completeness
despite the finding that, in the limit the state is highly squeezed, the power spectrum must
be blue, ns > 1, limiting their potential usefulness [15] .
Suppose |qk〉 is our original state which has continuous eigenvalues over the real line. The
Larsson pseudo-spin operators are defined by dividing the real line into an infinite number
of bins, [nl, (n + 1)l]. Where n is an integer from −∞ to ∞ labeling the bin, and l is the
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parameter which will define “coarse-graining” size. The spin operators are then defined as
Sˆx(l) = Sˆ+(l) + Sˆ−(l), (28)
Sˆy(l) = −i[Sˆ+(l)− Sˆ−(l)], (29)
Sˆz(l) =
∞∑
n=−∞
(−1)n
∫ (n+1)l
nl
dk |qk〉 〈qk| , (30)
where
Sˆ+(l) =
∞∑
n=−∞
(−1)n
∫ (2n+1)l
2nl
dk |qk〉 〈qk + l| (31)
is the spin-step operator and
Sˆ−(l) = Sˆ+(l)†. (32)
We are most interested in the two point correlation functions since they are used in the Bell
operator. The two points spin operators,〈S(1)x S(2)x 〉 (l), 〈S(1)z S(2)z 〉 (l), are derived in Appendix
A.1 of [14]. We will not rewrite the operators here since no real insight is gained due to their
non-analytic nature.
For the optimal angles we look at the dependency of the variance on the choice of coarse-
graining parameter for a fixed r and ϕ r = 5, 2ϕ = −pi. We plot this dependence in Figure 3.
From this it is clear that there appears to be an optimal choice of coarse-graining parameter
to minimize the variance and maximize the expectation value. This result is consistent with
the result shown in Figure 1 of [14].
For cosmological application one is interested in a highly squeezed state r ∼ 50, 2φ ∼ −pi.
In the large squeeze limit r  1 we observe the same behavior as with the other operators,
the variance vanishes as the CHSH operator approaches the Cirel’son bound, the highly
squeezed limit is plotted in Figure 4. These results are still dependent on properly picking
the coarse-graining parameter l. In the highly squeezed limit if the coarse-graining parameter
is not properly chosen the statistical variation will be large and could potential suffer from
sample variance.
It can also be seen that these operators are not as tightly constrained as the previous two
sets, and the uncertainty calculation would benefit from using the sample variance. However,
as states at the beginning, these operators are of the least interest of the three sets due to
the non-analytic form of their two point functions as well as the requirement that ns > 1 to
realize highly squeezed states.
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FIG. 3. Dependence of variance on coarse-graining parameter l. For a given choice of r and ϕ
there exits a optimal choice of coarse-graining to minimize the variance.
FIG. 4. Dependence of variance on coarse-graining parameter l in large squeeze limit. When
the state becomes highly squeezed, the dependence on coarse graining parameter becomes more
relaxed.
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V. CONCLUSION
In this paper we extend on the results of [14, 15] by looking at the variance in three sets
of pseudo spin operators. For the two analytic sets of operators, the Banaszek-Wodkiewicz
and the Gour-Khanna-Mann-Revzen, we find that on highly squeezed states that would
be relevant for observations on the CMB, the variance vanishes and signal observation is
potentially strongly seen. For the non-analytic Larsson operators, the variance is a function
of both the squeezing parameters as well as the coarse-graining parameter. Therefore, for
a state with a certain squeeze the variance bound will depend on the value of the coarse-
graining. For the appropriate choice of coarse-graining it is possible to have tight bounds.
We conclude that the bounds on Bell’s violation are tight regardless of sampling, which
would serve to further decrease the variance. In some sense as the state becomes highly
squeezed the value of CHSH operator becomes a deterministic quantity rather than a stochas-
tic one, since the variation tends to zero as the expectation value saturates the Cirel’son
bound.
While there are other potential limitations to observing Bell’s inequality violation [15],
statistics is not one of them.
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